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Abstract
According to the Schwarz symmetry principle, every harmonic function van-
ishing on a real analytic curve has an odd continuation, while a harmonic function
satisfying homogeneous Neumann condition has the even continuation. There are
different generalizations of the Schwarz symmetry principle. Most of them are
dealing with homogeneous conditions and the Dirichlet case. Using a technique
of Dirichlet to Neumann and Robin to Neumann operators, we derive reflection
formulae for nonhomogeneous Neumann and Robin conditions from a reflection
formula subject to a nonhomogeneous Dirichlet condition.
Keywords: Schwarz symmetry principle, Dirichlet to Neumann operator, Robin
to Neumann operator, Analytic continuation
1 Introduction
Let Γ ⊂ R2 be a non-singular real analytic curve and a point z0 = (x0,y0) ∈ Γ. Then,
there exists a neighborhoodΩ of z0 and an anti-conformalmapping R : Ω→Ω which is
identity on Γ, permutes the components Ω1,Ω2 of Ω\Γ and relative to which any har-
monic function u(x,y) defined near Γ and vanishing on Γ (the homogeneous Dirichlet
condition) is odd,
u(x,y) =−u(R(x,y)). (1)
In the case of nonhomogeneous Dirichlet data, u = ϕ(x,y) on Γ, when function
ϕ is holomorphically continuable into C2 near Γ, formula (1) involves also values of
function u at two additional points located on the complexification ΓC of the curve Γ.
All four points then create a so-called Study’s rectangle [6].
To describe the Study’s rectangle, consider a complex domainW in the space C2
to which the function f defining the curve Γ := { f (x,y) = 0} can be analytically con-
tinued such thatW ∩R2 =U . Using the change of variables z = x+ iy, ζ = x− iy, the
1
equation of the complexified curve ΓC can be rewritten in the form
f
(
z+ ζ
2
,
z− ζ
2i
)
= 0,
and if grad f (x,y) 6= 0 on Γ, can be also rewritten in terms of the Schwarz function
and its inverse, w = S(z) and z = S˜(ζ ) [2]. The mapping R mentioned above can be
expressed in terms of the Schwarz function as follows,
R(x,y) = R(z) = S(z). (2)
Using the above notations, the reflection formula for harmonic functions subject to
conditions u|Γ = φ can be written as the Study’s rectangle:
u(z,ζ )+ u(S˜(ζ ),S(z)) = ϕ(S˜(ζ ),ζ )+ϕ(z,S(z)). (3)
The motivation of this paper goes back to D. Khavinson’s suggestion to think of a
different method for deriving reflection formulae rather than using the reflected fun-
damental solution method, described, for example, in [3]. This suggestion perhaps
was rather related to methods used in analysis. However, L. Beznea’s talk, devoted
to Dirichlet to Neumann operators, given at the International Conference on Complex
Analysis, Potential Theory and Applications in honour of Professor Stephen J Gardiner
on the occasion of his 60th Birthday, influenced this attempt to derive reflection formu-
las for other than Dirichlet conditions using similar to Dirichlet to Neumann operators
studied by L. Beznea et al. [1].
The structure of the paper is as follows. In section 2 we discuss some preliminaries.
In section 3 we discuss a Dirichlet to Neumann operator for a circular arc written in
a form suitable for reflection. In section 4 we use this formula to derive a reflection
formula for the case of nonhomogeneous Neumann conditions given on a circular arc.
In section 5 we discuss a Robin to Neumann operator for a circular arc. Section 6 is
devoted to reflection for the case of a nonhomogeneous Robin data on a circular arc,
and section 7 discusses a Dirichlet to Neumann operator and reflection for a harmonic
function subject to nonhomogeneous Neumann condition on an arc of an algebraic
curve.
2 Preliminaries
Consider the Neumann boundary value problem in the unit disk D in the plane:{
∆V = 0 in D
∂V
∂n = ϕ on ∂D,
(4)
where n is the outward normal. Solution to this problem can be written in terms of the
solution to a corresponding Dirichlet problem, V = Λ(U) [1]. Here U(x,y) is defined
by {
∆U = 0 in D
U = ϕ on ∂D,
(5)
where ϕ ∈C(∂D).
2
Theorem 1. [1] Assume ϕ : ∂D→R is continuous and its integral along ∂D vanishes.
If u is the solution to the Dirichlet problem (5), then
V (z) = Λ(U) =
1∫
0
U(ρz)
ρ
d(ρ), z ∈D∪∂D, (6)
is the solution to the Neumann problem (4) with V (0) = 0, where z= x+ iy.
A derivation of formula (6) in paper [1] was based on the following consideration.
IfU(x,y) = ℜ[g(z)] andV (x,y) = ℜ[ f (z)], where g(z) and f (z) are analytic functions,
then the following equalities hold on ∂D,
ϕ =U =
∂V
∂n
= (∇V ·n) =
∂V
∂x
x+
∂V
∂y
y= ℜ[z f ′(z)] = ℜ[g(z)].
Setting z f ′(z) = g(z) and integrating with from z to z0, one has
f (z) = f (z0)−
z0∫
z
g(τ)
τ
dτ, z,z0 ∈ D∪∂D. (7)
Formula (7) is a starting point for writing an expression relating harmonic functions
satisfying Dirichlet, Neumann, and Robin conditions on ∂D.
3 Dirichlet to Neumann operator for an arc of the unit
circle
Consider the following two problems for functions u(x,y) and v(x,y) defined near an
arc ∂D of a unit circle in the plane:{
∆u= 0 near ∂D
u= ϕ on ∂D,
(8)
{
∆v= 0 near ∂D
∂v
∂n = ϕ on ∂D,
(9)
where ϕ is holomorphically continuable into C2 near ∂D . To find and expression
relating v(x,y) and u(x,y) one can take the real part of (7) by computing v(x,y) =
1
2
( f (z) + f (z)). However, for what follows it is more convenient to complexify the
problem, considering functions v(z,ζ ) and u(z,ζ ), where (z,ζ ) ∈ C2 with ζ = z¯ on
R2.
Theorem 2. Let ∂D be the unit circle in the plane centered at the origin. If u(z,ζ ) is
a solution to (8), then
v(z,ζ ) = v(z0,ζ0)−
z0∫
z
u1(τ)
τ
dτ −
ζ0∫
ζ
u2(ξ )
ξ
dξ (10)
3
is a solution to (9). Here u(z,ζ ) = u1(z) + u2(ζ ) is a harmonic function such that
u(z, z¯) = ϕ on ∂D.
Proof. To prove formula (10) one just needs to check the conditions in (9). Obviously,
function v(z,ζ ) is harmonic, ∂
2v
∂ z∂ζ
= 0.
To check the second condition in (9), we fix a point (x0,y0) ∈ ∂D. Using the
notation z0 = x0+ iy0, the outward normal at z0, n(z0) = z0, can be computed as
∂v
∂n
(z0) = lim
h→0
v(z0+ hz0)− v(z0)
h
= lim
h→0
v(z0(h+ 1))− v(z0)
h
.
Taking into account the expression (10), we have
∂v
∂n
(z0) = lim
h→0
1
h
(
∫ (h+1)eiθ
eiθ
u1(τ)
τ
dτ +
∫ (h+1)e−iθ
e−iθ
u2(ξ )
ξ
dξ ).
Using the substitutions τ = reiθ , ξ = re−iθ with fixed θ , the above formula yields
∂v
∂n
(z0)= lim
h→0
1
h
∫ h+1
1
u1(re
iθ )+ u2(re
−iθ )
r
dr= lim
r˜→1
u(r˜eiθ , r˜e−iθ )
r˜
= u(eiθ ,e−iθ )=ϕ(x0,y0).
This finishes the proof.
Example 3.1. Let harmonic function satisfying the Dirichlet conditionϕ =C be u(x,y)=
C, whereC is a constant. Then for function v(x,y), we have,
v(z,ζ ) = v(z0,ζ0)−
1
2
z0∫
z
C
τ
dτ −
1
2
ζ0∫
ζ
C
ξ
dξ ,
which implies that the corresponding to u(x,y) =C function, satisfying Neumann con-
dition ∂v∂n =C, is v(x,y) =C ln
√
x2+ y2+ const.
Example 3.2. Let harmonic function satisfying homogeneous Dirichlet condition be
u(x,y) = ln
√
x2+ y2 = 1
2
lnz+ 1
2
lnζ . Let us compute the corresponding function
v(x,y) with ϕ = 0,
v(z,ζ ) = v(z0,ζ0)−
1
2
z0∫
z
lnτ
τ
dτ −
1
2
ζ0∫
ζ
lnξ
ξ
dξ ,
which implies that the corresponding solution of problem (9) is
v(x,y) =
1
2
(ln2
√
x2+ y2− arctan2
y
x
)+ const.
The latter expression in polar coordinates, z = reiθ , has a simpler form, v(r,θ ) =
1
4
(ln2 r−θ 2)+const. One can easily check that v(r,θ ) satisfies the Laplace’s equation,
∆v= ∂
2v
∂ r2
+ 1
r
∂v
∂ r +
1
r2
∂ 2v
∂θ2
, and its normal derivative vanishes on the unit circle.
4
Example 3.3. Harmonic function u(x,y) = x2 − y2 on a unit circle equals to ϕ =
2x2− 1 = cos(2θ ). To find the corresponding functions u1(z) and u2(ζ ), we make
the substitution x = (z+ ζ )/2 and y = (z− ζ )/(2i). This results in u1 = z
2/2 and
u2 = ζ
2/2. Thus the corresponding Dirichlet to Neumann operator is
v(z,ζ ) = v(z0,ζ0)−
1
2
z0∫
z
τ2
τ
dτ −
1
2
ζ0∫
ζ
ξ 2
ξ
dξ .
Thus, v(x,y) = 1
2
(x2− y2)+ const, which is obviously a harmonic function. This func-
tion in polar coordinates has the form v(r,θ ) = 1
2
r2 cos(2θ ), whose normal derivative
on the unit circle is (∇v ·n) = cos(2θ ), which equals to ϕ .
Example 3.4. Harmonic function u(x,y) = x on a unit circle equals to ϕ = cosθ . The
corresponding functions u1 = z/2 and u2 = ζ/2. Thus the expression for v is
v(z,ζ ) = v(z0,ζ0)−
1
2
z0∫
z
τ
τ
dτ −
1
2
ζ0∫
ζ
ξ
ξ
dξ ,
therefore, v(x,y) = x+const, which is obviously a harmonic function. This function in
polar coordinates has the form v(r,θ ) = 1
2
r2 cos(2θ ), whose normal derivative on the
unit circle equals to ϕ , (∇v ·n) = cosθ .
4 Reflection about an arc of a circle with nonhomoge-
neous Neumann data
Consider Neumann problem (9) in a neighborhoodΩ of a point (z0, z¯0)∈ ∂D. Let point
z ∈ Ω1 ⊂ Ω for which formula (10) holds,
v(z,ζ ) = v(z0,ζ0)−
z0∫
z
u1(τ)
τ
dτ −
ζ0∫
ζ
u2(ξ )
ξ
dξ .
For what follows, it is convenient to fix θ and to rewrite the integrals in polar coordi-
nates,
v(z,ζ ) = v(z0,ζ0)−
1∫
r
u(ρeiθ ,ρe−iθ )
ρ
dρ , (11)
where r = |z|.
We remark that formula (3) for the unite circle can be rewritten as
u(reiθ ,
r
eiθ
)+ u(
eiθ
r
,
1
reiθ
) = ϕ(reiθ ,
1
reiθ
)+ϕ(
eiθ
r
,
r
eiθ
). (12)
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Applying reflection, R :Ω→Ω, to formula (11) and taking into account that the bound-
ary points are fixed under R, we have
v(R(z,ζ )) = v(z0,ζ0)+ I1+ I2+ I3, (13)
where
I1 =
1∫
1
r
u( e
iθ
ρ ,
1
ρeiθ
)
ρ
dρ , I2 =−
1∫
1
r
ϕ(ρeiθ , 1
ρeiθ
)
ρ
dρ , I3 =−
1∫
1
r
ϕ( e
iθ
ρ ,
ρ
eiθ
)
ρ
dρ .
To obtain a reflection formula for Neumann conditions, we need to rewrite the right
hand side of (13) in terms of v(z,ζ ). In order to do that, we make a substitution ρ˜ = 1/ρ
in I1, which results in
I1 =
1∫
1
r
u( e
iθ
ρ ,
1
ρeiθ
)
ρ
dρ =−
1∫
r
u(ρ˜eiθ , ρ˜e−iθ )
ρ˜
dρ˜,
therefore,
v(z0,ζ0)+ I1 = v(z,ζ ).
The second and third integrals could be combined if we do the same substitution, ρ˜ =
1/ρ in I3. Indeed,
I3 =−
r∫
1
ϕ(ρ˜eiθ , 1
ρ˜eiθ
)
ρ˜
dρ˜ ,
hence,
I2+ I3 =−
r∫
1
r
ϕ(ρeiθ , 1
ρeiθ
)
ρ
dρ .
Thus, we finally derived the following reflection formula for for harmonic functions
satisfying Neumann condition on an arc of the unite circle
v(
eiθ
r
,
1
reiθ
) = v(reiθ ,re−iθ )−
r∫
1
r
ϕ(ρeiθ , 1
ρeiθ
)
ρ
dρ . (14)
Example 4.1. Consider a harmonic function, whose normal derivative on the unite
circle, x2+ y2 = 1, is constant, ϕ =C. Then formula (14) reads as
v(
eiθ
r
,
1
reiθ
) = v(reiθ ,re−iθ )− 2C lnr. (15)
Example 4.2. Consider a harmonic function, whose normal derivative on the unite
circle, x2+ y2 = 1, equals ϕ = 4x2− 2. To compute the integral in formula (14), we
rewrite function ϕ as
ϕ = 4x2− 2= 4(
z+ ζ
2
)2− 2= z2+ ζ 2+ 2(zζ − 1).
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The last term vanishes on the complexification of the unit circle, therefore, ϕ(z,ζ ) =
z2+ ζ 2, which implies ϕ(ρeiθ , 1
ρeiθ
) = ρ2e2iθ + 1
ρ2e2iθ
. Thus,
−
r∫
1
r
ϕ(ρeiθ , 1
ρeiθ
)
ρ
dρ =
1
r∫
r
ρ2e2iθ + 1
ρ2eiθ
ρ
dρ .
Then formula (14) reads as
v(
eiθ
r
,
1
reiθ
) = v(reiθ ,re−iθ )+ (
1
r2
− r2)cos2θ . (16)
5 Neumann to Robin operator for an arc of the unit
circle
Consider the following Robin problem{
∆w= 0 near ∂D
aw+ ∂w∂n = ϕw on ∂D,
(17)
where a and b are real constants with b 6= 0.
Let u and v be harmonic functions defined near the arc ∂D of a unit circle in the
plane: {
∆u= 0 near ∂D
u= ϕu on ∂D,
(18)
{
∆v= 0 near ∂D
∂v
∂n = ϕv on ∂D.
(19)
Here ϕw, ϕu, and ϕv are holomorphically continuable into C
2 near ∂D.
To derive a formula connecting functions w(x,y), u(x,y), and v(x,y), we think of
them as real parts of analytic functions, w= ℜ[h], u= ℜ[g], and v= ℜ[ f ] and assume
that ϕw = ϕu+ϕv.
For a point on a boundary, z0 ∈ ∂D, we have the following equalities
∂v
∂n
(z0) = Dv ·n(z0) = ℜ[z0 f
′(z0)] = ϕv,
aw+
∂w
∂n
(z0) = aw+Dw ·n(z0) = ℜ[ah+ bz0h
′(z0)] = ϕw.
Thus, setting
ah(z)+ bzh′(z) = z f ′(z)+ g(z) (20)
does not contradict the condition ϕw = ϕu+ϕv. Multiplying (20) by z
a/b−1/b, we have
z
a
b h′(z)+
a
b
z
a
b−1h(z) =
1
b
z
a
b f ′(z)+
1
b
z
a
b−1g(z),
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which can be rewritten as
(z
a
b h(z))′ =
1
b
(z
a
b f (z))′+
1
b
z
a
b
−1g(z)−
a
b2
z
a
b
−1 f (z).
Integrating from z to z0 along a segment with constant argument, we obtain
z
a
b
0 h(z0)− z
a
b h(z) =
1
b
(z
a
b
0 f (z0)− z
a
b f (z))+
1
b
z0∫
z
ζ
a
b
−1[g(ζ )−
a
b
f (ζ )]dζ ,
which implies
h(z) =
( z0
z
) a
b
(
h(z0)−
1
b
f (z0)
)
+
1
b
f (z)−
1
b
z−
a
b
z0∫
z
ζ
a
b
−1[g(ζ )−
a
b
f (ζ )]dζ .
Taking the real part from both sides of the latter formula, one can express a solution
of the Robin problem (17) in terms of the corresponding solutions to the Dirichlet and
Neumann problems (18) and (19). Alternatively, one can divide formula (20) by z and
then integrate, which results
f (z) = f (z0)+ b(h(z)− h(z0))− a
z0∫
z
h(ζ )
ζ
dζ −
z0∫
z
g(ζ )
ζ
dζ . (21)
Assuming ϕu = ϕv and taking into account formula (10), we obtain a Robin to Neu-
mann operator
v(z,ζ ) = v(z0,ζ0)+
b
2
[w(z,ζ )−w(z0,ζ0)]−
a
2
z0∫
z
w1(τ)
τ
dτ −
a
2
ζ0∫
ζ
w2(ξ )
ξ
dξ ,
where w(z,ζ ) = w1(z)+w2(ζ ).
Theorem 3. Let ∂D be the unit circle in the plane centered at the origin. If w(z,ζ ) is
a solution to (17), then a Robin to Neumann operator has the form
v(z,ζ ) = v(z0,ζ0)+
b
2
[w(z,ζ )−w(z0,ζ0)]−
a
2
z0∫
z
w1(τ)
τ
dτ −
a
2
ζ0∫
ζ
w2(ξ )
ξ
dξ . (22)
Here v(z,ζ ) is a harmonic function such that ∂v∂n = ϕv = ϕw/2 on ∂D.
Proof. To prove formula (22) one needs to check the conditions in (19). Obviously,
function v(z,ζ ) is harmonic, ∂
2v
∂ z∂ζ
= 0 if w(z,ζ ) is harmonic.
To check the second condition we differentiate (22) with respect to r,
∂
∂ r
v(z,ζ ) =
b
2
∂
∂ r
w(z,ζ )+
a
2
w1(z)
z
eiθ +
a
2
w2(ζ )
z
e−iθ .
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Then on ∂D, the latter formula reduces to
∂
∂ r
v(z0,ζ0) =
b
2
∂
∂ r
w(z0,ζ0)+
a
2
w1(z0)
eiθ
eiθ +
a
2
w2(ζ0)
e−iθ
e−iθ ,
resulting in
∂
∂ r
v(z0,ζ0) = ϕv =
b
2
∂
∂ r
w(z0,ζ0)+
a
2
w(z0,ζ0) =
1
2
ϕw.
This finishes the proof.
Example 5.1. Consider a solution to Robin problem w = lnr satisfying the Robin
condition with ϕw = b on ∂D. Function w has the representation w(z,ζ ) = w1(z)+
w2(ζ ) =
1
2
lnz+ 1
2
lnζ . Then formula (22) reads as
v(z,ζ ) = v(z0,ζ0)+
b
2
lnr−
a
4
z0∫
z
ln(τ)
τ
dτ −
a
4
ζ0∫
ζ
ln(ξ )
ξ
dξ ,
therefore,
v(z,ζ ) =
b
2
lnr+
a
4
(ln2 r−θ 2)+ const,
which is a harmonic function satisfying the Neumann condition on ∂D with ϕv =
b
2
.
Corollary 3.1. Solutions to the Dirichlet problem (18) are related to the solutions to
the Robin problem (17),
u=
a
2
w+
br
2
∂w
∂ r
(23)
whenever ϕu =
1
2
ϕw on ∂D.
Indeed, formulae (10) and (22) imply
b
2
[w(z,ζ )−w(z0,ζ0)]−
a
2
z0∫
z
w1(τ)
τ
dτ−
a
2
ζ0∫
ζ
w2(ξ )
ξ
dξ =−
z0∫
z
u1(τ)
τ
dτ−
ζ0∫
ζ
u2(ξ )
ξ
dξ .
Assuming that (x,y) ∈R2 and setting z= reiθ , ζ = re−iθ , we have
b
2
[w(reiθ ,re−iθ )−w(z0,ζ0)]−
a
2
1∫
r
w(ρeiθ ,ρe−iθ )
ρ
dρ =−
1∫
r
u(ρeiθ ,ρe−iθ )
ρ
dρ .
Differentiation of the latter formula with respect to r results in (23).
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6 Reflection about a circular arc with nonhomogeneous
Robin data
To derive a reflection formula for solutions to (17) we use formula (14),
v(
eiθ
r
,
1
reiθ
) = v(reiθ ,re−iθ )−
r∫
1
r
ϕv(ρe
iθ , 1
ρeiθ
)
ρ
dρ
and formula (22),
v(z,ζ ) = v(z0,ζ0)+
b
2
[w(z,ζ )−w(z0,ζ0)]−
a
2
z0∫
z
w1(τ)
τ
dτ −
a
2
ζ0∫
ζ
w2(ξ )
ξ
dξ ,
which in the plane can be rewritten in variables (r,θ ) as
v(reiθ ,re−iθ ) =
b
2
w(reiθ ,re−iθ )−
a
2
1∫
r
w(ρeiθ ,ρe−iθ )
ρ
dρ + C˜,
where C˜ = v(z0,ζ0)−
b
2
w(z0,ζ0). This implies,
v(
eiθ
r
,
1
reiθ
) =
b
2
w(
eiθ
r
,
1
reiθ
)−
a
2
1∫
1/r
w(ρeiθ ,ρe−iθ )
ρ
dρ + C˜,
Making a substitution ρ˜ = 1/ρ in the integral, we have
v(
eiθ
r
,
1
reiθ
) =
b
2
w(
eiθ
r
,
1
reiθ
)+
a
2
1∫
r
w( 1
ρ˜
eiθ , 1
ρ˜
e−iθ )
ρ˜
dρ˜ + C˜.
Plugging into formula (14), we obtain
b
2
w(
eiθ
r
,
1
reiθ
)+
a
2
1∫
r
w( 1
ρ˜
eiθ , 1
ρ˜
e−iθ )
ρ˜
dρ˜ =
b
2
w(reiθ ,re−iθ )
−
a
2
1∫
r
w(ρeiθ ,ρe−iθ )
ρ
dρ −
r∫
1
r
ϕv(ρe
iθ , 1
ρeiθ
)
ρ
dρ ,
which leads to the following theorem.
Theorem 4. Let w be a solution to the problem (17), then for a pair of points in the
plain symmetric with respect to the unit circle centered at the origin, the following
reflection formula holds
w(
eiθ
r
) = w(reiθ )−
a
b
1∫
r
w(ρeiθ )+w( 1ρ e
iθ )
ρ
dρ −
1
b
r∫
1
r
ϕw(ρe
iθ , 1
ρeiθ
)
ρ
dρ . (24)
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Example 6.1. Let w be a solution to the problem (17) with ϕw = b. Then formula (24)
reads as
w(
eiθ
r
) = w(reiθ )−
a
b
1∫
r
w(ρeiθ )+w( 1ρ e
iθ )
ρ
dρ − 2lnr.
Example 6.2. Let w be a solution to the problem (17) with ϕw = (a+ 2b)(2x
2− 1).
Taking into account that ϕw =
a+2b
2
(z2+ ζ 2) on ΓC, formula (24) reduces to
w(
eiθ
r
) = w(reiθ )−
a
b
1∫
r
w(ρeiθ )+w( 1ρ e
iθ )
ρ
dρ −
a+ 2b
2b
r∫
1
r
ρ2e2iθ + 1
ρ2e2iθ
)
ρ
dρ ,
which results in
w(
eiθ
r
) = w(reiθ )−
a
b
1∫
r
w(ρeiθ )+w( 1ρ e
iθ )
ρ
dρ −
a+ 2b
2b
(r2−
1
r2
)cos(2θ ).
Example 6.3. Let w be a solution to the problem (17) with ϕw = (a+ b)cosθ . Then
the corresponding reflection formula is
w(
eiθ
r
) = w(reiθ )−
a
b
1∫
r
w(ρeiθ )+w( 1ρ e
iθ )
ρ
dρ −
a+ b
2b
(r−
1
r
)cosθ .
7 Dirichlet to Neumann operator and reflection about
an arc of an algebraic curve
In this section we generalize the results obtained for a circular arc in sections 3 and 4
for the case of an algebraic curve Γ. First, we discuss a Dirichlet to Neumann mapping.
Then we apply this mapping for derivation of a reflection formula. Remark that this
formula was obtained at [4], [5] using different methods.
Consider the following two problems for functions u(x,y) and v(x,y) defined near
an arc of an algebraic curve Γ in the plane:{
∆u= 0 near Γ
u= ϕ on Γ,
(25)
{
∆v= 0 near Γ
∂v
∂n = ϕ on Γ,
(26)
where ϕ is holomorphically continuable into C2 near Γ.
Theorem 5. Let Γ be an arc of an algebraic curve in the plane. If u(z,ζ ) is a solution
to (25), then
v(z,ζ ) = v(z0,ζ0)+ i
z0∫
z
u1(τ)
√
S′(τ)dτ − i
ζ0∫
ζ
u2(ξ )
√
S˜′(ξ )dξ (27)
11
is a solution to (26). Here u(z,ζ ) = u1(z) + u2(ζ ) is a harmonic function such that
u(z, z¯) = ϕ on Γ.
Proof. According to formula (27), function v(z,ζ ) has a representation as a sum of a
function v1(z) and a function v2(ζ ), and therefore, is harmonic,
∂ 2v
∂ z∂ζ
= 0.
To check the second condition in (26), note that the normal derivative could be
computed using the formula [2],
∂v
∂n
(z,ζ ) =
i√
S′(z)
(∂v1
∂ z
−
∂v2
∂ζ
S′(z)
)
= ϕ .
Differentiating formula (27), we have
∂v
∂n
(z,ζ ) =
i√
S′(z)
(
−iu1(z)
√
S′(z)− iu2(ζ )
√
S˜′(ζ )S′(z)
)
,
therefore, on the curve Γ we obtain
∂v
∂n
(z,ζ )|Γ =
(
u1(z)+ u2(ζ )
)
|Γ
= u(z,ζ )|Γ = ϕ .
This finishes the proof.
Remark. For the special case when Γ is the unit circle centered at the origin, S(z) =
1/z, formula (27) reduces to formula (10).
To derive the reflection formula generalizing formula (14), let us rewrite formula
(27) at the reflected point,
v(S˜(ζ ),S(z)) = v(z0,ζ0)+ i
S˜(ζ0)∫
S˜(ζ )
u1(τ)
√
S′(τ)dτ − i
S(z0)∫
S(z)
u2(ξ )
√
S˜′(ξ )dξ , (28)
and subtract (28) from (27),
v(z,ζ )− v(S˜(ζ ),S(z)) = i
z0∫
z
u1(τ)
√
S′(τ)dτ + i
S(z0)∫
S(z)
u2(ξ )
√
S˜′(ξ )dξ
−i
ζ0∫
ζ
u2(ξ )
√
S˜′(ξ )dξ − i
S˜(ζ0)∫
S˜(ζ )
u1(τ)
√
S′(τ)dτ.
Making the substitution ξ = S(τ) in the second and third integrals
i
S(z0)∫
S(z)
u2(ξ )
√
S˜′(ξ )dξ = i
z0∫
z
u2(S(τ))
√
S′(τ)dτ,
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−i
ζ0∫
ζ
u2(ξ )
√
S˜′(ξ )dξ =−i
S˜(ζ0)∫
S˜(ζ )
u2(S(τ))
√
S′(τ)dτ,
we have
v(z,ζ )− v(S˜(ζ ),S(z)) = i
z0∫
z
[u1(τ)+ u2((S(τ))]
√
S′(τ)dτ
−i
S˜(ζ0)∫
S˜(ζ )
[u1(τ)+ u2(S(τ))]
√
S′(τ)dτ.
Taking into account that u1(z)+ u2(S(z)) = u(z,S(z)) = ϕ(z,S(z)) and z0 = S˜(ζ0), we
arrive at the formula generalizing (14),
v(S˜(ζ ),S(z)) = v(z,ζ )+ i
z∫
S˜(ζ )
ϕ(τ,S(τ))
√
S′(τ)dτ. (29)
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